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ABSTRACT Using a Metropolis algorithm, various average properties of ‘lattice polyelectrolytes” were 
calculated, i.e. the squared end-to-end distance, the squared radius of gyration, the apparent persistence 
length, the charge distribution over the segments, the average distance between the charges and the center 
of mass, and the eccentricities of the mass and charge distributions. Lattice polyelectrolytes are self-avoiding 
random walks on a (3-dimensional) cubic lattice, bearing either equidistantly fixed or mobile, discrete charges. 
For the electrostatic interaction a Debye-Huckel potential is used. Differences due to charge mobility along 
the chain are analyzed. It is found that most of these differences can be explained in terms of a more uniform 
average charge distribution in the mobile case, and a charge accumulation of the mobile charges near the ends 
of the chain. Furthermore, the mobile charges wil l  tend to preferentially localize themselves away from bends 
in the chain, thus enhancing its flexibility. Our results for the end-to-end distance and chain stiffness for 
increasing charge density are compared with the theoretical results given by Katchalsky, Odijk, Schmidt, 
Skolnick and Fixman, and also with (other) simulation results by Carnie, Christos, and Creamer. 

1. Introduction 
In the last decades much work has been done on the 

statistical and thermodynamic properties of polyelectro- 
lytes; cf. the review by Mandel.’ The repeating units of 
these polymers are charged (e.g. in the case of strong 
polyacids) or may be charged, as is the case in partially 
neutralized weak polyacids. As a result of the long range 
Coulombic repulsion, the statistical properties of such a 
system can, in general, not be evaluated analytically. This 
is due in particular to the presence of small, mobile ions 
in the solution (counterions of the polyanion and ions 
provided by added salt), which interact with the polyion 
and with each other. A possible way to describe these 
complex systems is by computer simulations. In order to 
make these simulations not too time-consuming it is usually 
assumed that the charged segments of the polyelectrolyte 
interact with each other througha potential of mean force, 
i.e. the force averaged with respect to the equilibrium 
distribution of the solvent and mobile ions. In this way 
the system is reduced to just the polyion segments and 
their  interaction^.^^^ As the potential of mean force the 
Debye-Hiickel potential is used, which is a good approx- 
imation, particularly for weakly charged polyelectrolytes.2 

In most studies the charges of the polyions are assumed 
to be either positioned equidistantly on the polymer back- 
boneL7J2 or to be spread continuously along the backbone, 
the polyelectrolyte thus forming a line ~ h a r g e . 4 ~ * ~ ~ J ~  Charge 
mobility along the backbone, which comes into play if one 
deals with partially charged, weak polyacids, and which 
gives rise to fluctuations in charge density on the chain 
and changes in the overall shape of the polyion, has hitherto 
not thoroughly been studied.’”-12 In this paper we consider 
cases of both mobile and fixed charges. In section 2 we 
treat the details of the model and the methods followed. 
In section 3 the MC results are given and briefly discussed. 
In section 4 we discuss some significant differences in the 
behavior, induced by the charge mobility, in more detail. 
In section 5 we compare our findings with some theoretical 
predictions for fixed ~ h a r g e s . ~ J ~ J ~ ’ ~  In our analysis we 
consider polyions of 10,20,40, and 80 segments for which 
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we calculate various properties: either by exact enumer- 
ation of the partition sums (in the case of short chains: 
n I lo ) ,  or by Monte Carlo methods (for longer chains), 
both for the mobile and for the equidistantly fixed charge 
distribution. Interactions between different polyions are 
ignored. 

2. Model and Methods 
The model polyelectrolyte consisting of n + 1 segments, 

q of them charged with the elementary charge e, is 
represented by an n-step self-avoiding random walk (SAW) 
on a (3-dimensional) cubic lattice, a well-known way of 
modeling a polymer in a good solvent. The segments are 
given the overall length, a,  of one monomer of the polyion. 
In our choice of parameters we use a = 2.515 X W0 m, 
which is appropriate for acrylic acid. One could argue, 
that 180 and 90’ angles are not “natural” for this system. 
But as every segment contains two C-C bonds, any other 
angle is not “natural” either.6 Besides, we expect that the 
essential relative differences due to the mobility of the 
charges will not depend too strongly on the symmetry of 
the lattice.13 Every polyion conformation is represented 
by (ri, Qi) where the ri describe the positions of the i 
segments (i E {O, 1, ..., n)) and the Qi are either 0 or 1, 
depending on the ith segment being charged or not in this 
particular conformation. In the fixed-charge case the q 
charges are positioned equidistantly (as far as possible) 
and their positions along the chain are kept fixed during 
the Monte Carlo simulation. In the mobile-charge case 
the charges are allowed to reside on any of the segments, 
and their positions along the chain are changed at  each 
step of the Monte Carlo simulation. In the course of the 
calculation the total number of charges, q,  is held fixed. 

The charges are assumed to interact according to a 
Debye-Hiickel potential, which is given as a function of 
the distance r by 

in which K is the reciprocal Debye screening length, N A  is 
the Avogadro number, e is the elementary charge, CO is 
the concentration of small ions present (in mol/L), 6 is the 
dielectric constant of the solvent, k is the Boltzmann 
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constant, and Tis the absolute temperature (all quantities 
in SI units). The Debye-Htickel potential is most ap- 
propriate if the system contains only monovalent small 
ions.23 The use of this potential makes the model in 
particular appropriate for weak  polyelectrolyte^.^^^ Our 
analysis is less realistic for charge densities higher than 
about 35% (estimated for a line charge, with the chosen 
value of a), due to the phenomenon of counterion 
condensation.a The reason for considering in this paper 
also larger charge densities is to make a comparison with 
other theories and simulation data for these high charge 
densities. 

The (total) energy, E, of a particular polyion confor- 
mation (ri,Qi) is taken as the sum over all pair interactions 
of the polyion charges. 
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bond vector, and it would not be a convenient property 
to compare with the mobile-charge case. As the end 
segments are always charged (in the fixed-charge case), 
our definition of Lt enables a proper comparison. For the 
validity of eq 7 it would in fact be more appropriate to 
take the limit of some average of a position dependent 
persistence length. We will not investigate this point any 
further. 

The persistence length may be written as the sum of an 
intrinsic, charge independent part LO and an electrostatic 
part Le: 

where k is Boltzmann's constant and Q (me2/4mkT) is the 
Bjerrum length. Using these interaction energies and 
assuming a canonical distribution of conformations, one 
can compute quantities as for instance the mean square 
radius of gyration: 

in which (...) represents the canonical ensemble average 
over all possible configurations of the polyion. As is clear 
from this expression, R,2 is equal to the mean square 
distance between the position of the segments and the 
center of mass (Rwm), and also to the mean square distance 
between all segments. In an analogous way we define the 
"charge radius of gyration", Rq2, as being the mean square 
distance between the position of the charges and the center 
of mass: 

Furthermore, the average squared end-to-end distance, 
Re2, is defined as the average squared length of the end- 
to-end vector, (rn - ro), which connects the centers of the 
first and last segment 

Finally, the average projection of the end-to-end vector 
on the line connecting the first two segments is defined 
by (see ref 21, p 401) 

(6) 
1 L, = -$ (rn - ro)4r1 - ro)) 

in which a (the lattice constant, equal to lr1- rol), is added 
as a normalizing factor. The quantity Lt will be interpreted 
as the length-(nhdependent persistence length near the 
end of the chain. In the following we shall call this quantity 
the apparent persistence length. 

For wormlike chains, Lt approaches in the large n limit 
the real persistence length, L,, of the chain: 

L,  lim L, 
n-- 

(7) 

In principle one could define a local (position and length 
dependent) persistence length along the chain by a similar 
projection on each of the other bond vectors (see ref 15, 
page 111). In the fiied-charge case such a quantity would 
depend on the location of the charges relative to the chosen 

L, = Lo + Le 
An explicit theoretical expression for Le has been given by 
OdijP-provided that the polyion is rodlike over the range 
of the electrostatic interaction: KL, 1 l-and also by 
Skolnick and Fixman.12 LO can be determined numerically 
as the persistence length of the uncharged chain, and one 
finds LO = 1 . 4 2 ~  for the cubic 1att i~e.l~ Le results from the 
presence of the charges. 

If the positions of the charges along the chain are fixed 
and equidistant, the mass and the charge distributions of 
long polyions are expected to be very similar. For mobile 
charges this is no longer necessarily the case. It is therefore 
interesting to consider quantities which are indicative of 
such a difference, for instance the second moments of the 
mass distribution and of the charge distribution, relative 
to the center of mass. The second moment of the mass 
distribution is given by 

The subscript k in Ak signifies the kth component of the 
vectorial quantity A. In an analogous way the second 
moment of the charge distribution is given by 

n 

Qkl E ( CQiCri - Rcom)k(ri - Rcom)l) (10) 

For symmetry reasons, only the diagonal elements of the 
moments of both the mass and charge distribution are 
unequal to zero. Taking the first step of every confor- 
mation in the x-direction, gives, again for symmetry 
reasons: Myy = M,, and Qyy = Qz,. M,, compared to Myy 
yields information about the relative stretching of the 
polyion itself, expressed by the mass eccentricity, em. The 
relative stretching of the charge distribution is expressed 
by a similar quantity: the charge eccentricity, e,. Both 
are defined by 

1=0 

Note that the former is non-zero for short chains, even at 
zero charge, because of the self-avoiding property of the 
chains. A comparison of the eccentricities of the mass 
and charge distributions reveals information about the 
spatial distribution of the charge over the segments. 

Comparison of eqs 3 ,4 ,9 ,  and 10 leads to 

R; = M,, + Myy + M,, = M,, + 2Myy 

Rq2 = Q,, + Qyy + Q,, = Q,, + 2Qyy (13) 
In this paper we calculate the quantities introduced above 
for chain lengths up to 80 segments, various charge 
densities, and two different values of Ka. The charges are 
taken as both mobile and fixed in the calculations. The 

(12) 
and 
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Figure 1. Average charge distributions of mobile charges along 
chains of 10 (- - -) and 20 (-) segments, for charge densities of 
20% (o), 40% (e), 60% (a), and 80% (*I, at KU = 0.1. 

averages of the quantities Re2, Rg2, Rp2, Lt, E, Mkl, Qkl, 
described in eqs 2-6 and 9-11, and also the average charge 
distribution over the segments are computed either by 
exact enumeration of the partition sums and averages (for 
n I lo), or by a Monte Carlo algorithm according to 
Metropolis14 for the longer chains. 

The conformation space is sampled using a pivot 
algorithm,15 which is an efficient way to generate SAW'S 
on a cubic lattice, in particular for charged and therefore 
generally rather expanded conformations. For every step 
of the Metropolis algorithm a new spatial configuration 
as well as a new charge distribution (only in the mobile 
case!) is chosen a t  random. The transition probability of 
moving from a given configuration i with energy Ei to a 
random configuration j with energy Ej is given by 

A simple way to realize these transition probabilities is by 
choosing a random number s between 0 and 1. This 
number decides whether this new configuration is chosen 
(if s I exp(Ei - Ej)) or not (in case s > exp(Ei - Ej)). The 
resulting configuration then provides the new quantities 
(given by (2)-(6), (91, and (10)) which are in this way 
automatically averaged in accordance to their relative 
importance. Using this algorithm for n I 10 we could 
reproduce the exact results within a relative error of 0.5 % , 
after sampling 5.0 X lo6 times, which is an indication of 
the correctness of the used algorithms. Averaging for the 
larger values of n took place until the estimated relative 
error in the results was smaller than 2% for chains up to 
n = 40 and smaller than 5% for n = 80. 

3. Results of the MC Calculations 
Results are presented for the various quantities defined 

above, for chains of 10,20,40, and 80 segments. As Bjerrum 
length we use 7.0 X m, which corresponds to a 
temperature of 298 K. Furthermore we used e = 78eo as 
the dielectric constant of the solvent (water). €0 is the 
vacuum dielectric constant. In the figures all lengths are 
given in units of the lattice constant. (For acrylic acid: 
a = 2.515 X 10-lo m.) 

In Figures 1 and 2 the charge distributions for mobile 
charges are plotted for various charge densities, for n = 
10 and 20, for Ka = 0.1 and KU = 2.0, respectively. It is 
found that the charge density along the chain has maxima 
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Figure 2. Average charge distributions of mobile charges along 
chains of 10 (- - -) and 20 (-) segments, for charge densities of 
20% (01, 40% (e), 60% (a), and 80% (*I, at KQ = 2.0. 
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Figure 3. Normalized squared radius of gyration: R,2/R,2(q=O), 
versus the average charge density, for chains of 10 (o), 20 (e), 
40 (01, and 80 (*) segments, either with mobile (-) or 
equidistantly fixed (- - -) charges. KQ = 0.1. 

near the ends of the chain and becomes more or less 
constant, in particular for longer chains, around the middle 
part of the chain. For Ka = 0.1, the charge density away 
from the end points is on the order of 10% below the 
(overall) average charge density. For Ka = 2.0 the effect 
of charge accumulation near the end points is, though still 
present, much less important, due to the strong Debye 
screening. In this case the charge density away from the 
end points is only on the order of 1 % below the average 
charge density. 

In Figure 3 the squared radius of gyration, Rg2, is plotted 
as a function of the average charge density, for Ka = 0.1 
and for n = 10,20,40, and 80. This is done for both mobile 
and fixed charges. It is found, that for longer chains and 
for a charge density of about 50 5% , the Rg,mobile becomes 
somewhat smaller than R,,fid. This is a consequence of 
the mobility of the charges, as the charges will tend to 
preferentially localize themselves away from bends in the 
chain. This increases the flexibility, as compared to the 
chain with fixed charges. As is to be expected, this effect 
is most predominant for a charge density which is neither 
too high (in that case the mobility is rather limited) nor 
too low, when the fixed-charge chain is also rather flexible. 

In Figure 4 the squared "charge radius of gyration", Rq2, 
is plotted as a function of the average charge density, for 
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Figure 4. Normalized squared radius of gyration of the charges: 
R,2/Rq2(q=0), versus the average charge density, for chains of 10 
(0), 20 (e), 40 (o),  and 80 (*) segments with either mobile (-) 
or equidistantly fixed (- - -) charges. KO = 0.1. 

KU = 0.1 and for n = 10, 20, 40, and 80, for both mobile 
and fixed charges. For short chains and low charge density, 
&,fixed is seen to be considerably larger than Rq,mobile. This 
is an artefact which results from positioning the charges 
equidistantly (e.g. for q = 2, the charges are placed a t  the 
end points). For charge densities between 20 % and 50 % 
the behavior of &,mobile is similar to the behavior of &,fixed, 
whereas for larger charge densities there is a crossover to 
a region where &,mobile is larger than &,fixed. The reason 
for this behavior is the charge accumulation near the end 
points. In the calculation of Rq the charge of a segment 
serves as a weight factor, which puts more emphasis on 
the ends of the chain. This behavior makes &,mobile larger 
than Rq,fued, a t  sufficiently high charge densities. Notice, 
that for a 100% charge density both values are again equal 
(within the accuracy). One may also compare Rq,fixed and 
R,,fixed. If the chains are not too short, and the charge 
density is not too low, these quantities are equal (within 
the accuracy) as one would expect. For a smaller charge 
density &,fixed becomes larger than Rg,fixed, indicating that 
there is a sufficient distance between subsequent charges 
to position them on the average further away from the 
center of mass. In the mobile case this effect is more 
pronounced andRq,mobile is larger thanRg,mobJe for all charge 
densities. For KU = 2.0 the differences between the fixed 
and mobile case are negligible, i.e. comparable with the 
estimated error of about 2% in the calculated results. 

In Figure 5 the apparent persistence length, L t  (see eq 
6), is plotted as a function of the charge density, for KU = 
0.1 and for n = 1 0 , 2 0 , 4 0 ,  and 80, for fixed as well as for 
mobile charges. In this case one sees that for small charge 
densities the &mobile is smaller than Lt,fued, whereas for 
large charge densities this is the other way around. For 
increasing chain length the crossover shifts to a lower value 
of the charge density. As we discussed in connection with 
Figure 3, the charge mobility enhances the flexibility of 
the chain, which causes &mobile to be smaller than Lt,fixd 
as long as the charge density is not too high. At higher 
charge densities the enhancement of the flexibility due to 
the charge mobility becomes relatively less important as 
a consequence of the lack of open places. In this case the 
charge accumulation near the end points again plays a 
dominant role. This charge accumulation stiffens the 
chain near the ends, and as Lt measures in particular the 
stiffness near the ends of the chain, Lt,mobile then becomes 
larger than Lt,fired. Notice the fact that in the rest of the 
chain the average charge density decreases slightly, due 
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Figure 5. Normalized average projection of the end-bend vector 
on the first step: LJLt(q=O) versus the average charge density, 
for chains of 10 (o), 20 (a), 40 (o), and 80 (*) segments with 
either mobile (-) or equidistantly fixed (- - -) charges. Ka = 0.1. 
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Figure 6. Eccentricity of the mass (0) and the charge (0) 
distribution, versus the average charge density, for a chain of 10 
segments with either mobile (-) or equidistantly fixed (- - -) 
charges. K O .  = 0.1. 

to the charge mobility, so that there the flexibility is even 
more enhanced. While this is not important for L t ,  it is 
important for R,, and as a consequence one does not find 
a similar crossover for R,. In the limit of zero charge 
density L t  reduces to Lt(q=O), which is almmt independent 
of the chain length, and has a value of about 1 . 4 2 ~ .  In the 
limit of a 100% charge density we find that L t  becomes 
proportional to the chain length. For KU = 2.0 the 
differences between the fixed and mobile cases are again 
very small. 

In Figures 6 and 7 the eccentricities of the mass and 
charge distributions are plotted for KU = 0.1, for chains of 
10 and 40 segments. These plots show that the eccen- 
tricities decrease as a function of the chain length. This 
decrease is also a function of the charge density. For zero 
charge density the eccentricities are found to be inversely 
proportional to the chain length. For increasing charge 
density this dependence becomes less pronounced, until, 
a t  the maximum charge density, the eccentricities are 
found to be independent of the chain length. Around a 
charge density of about 65% there is a crossover. Below 
this crossover the eccentricities for the fixed-charge 
distribution are larger than the corresponding eccentric- 
ities of the mobile case. Above the crossover the situation 
is reversed. Furthermore, the eccentricities of the mass 
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influence on these more global properties of the chain to 
a large extent. But not quite, as the differences, for 
instance between Rg,mobile and Rg,f=ed (and this is also true 
for the corresponding R, and Re), do indeed increase at  
increasing chain length, although relatively slowly, for the 
lengths considered in this paper. In the limit of really 
long chains one generally expects end effects to disappear. 
Consequently, the higher flexibility of the middle part of 
the chain with mobile charges is less compensated by the 
stiffened ends in the long-chain limit, so that the slow 
increase of this difference is expected to persist. Calcu- 
lations involving longer chains might be more conclusive 
in this respect. 

At  lower charge densities and especially for short chains, 
the fiied charges at  the end points play such a dominant 
role that there the eccentricity of the charge distribution 
is much larger than in the mobile case. There is even a 
relatively large effect on R,. This, however, must be 
considered an artefact, resulting mainly from the way in 
which the fixed charge distribution is chosen. 

Whether the charges are fixed or not, (the eccentricities 
of) the mass and charge distributions show obvious 
differences, provided the charge density is not too high. 
In both the fiied and the mobile cases the charge 
distribution is less spherical than the mass distribution, 
an effect which is a bit suppressed by charge mobility. 
Differences are less clearly visible in the behavior of more 
global properties (like, e.g., the charge and mass radius of 
gyration). As one would expect, the charges distribute 
themselves, on the average, slightly further away from the 
center (of mass) than the mass itself, which is reflected in 
the fact that R, is always a bit larger than R,. The effect 
of charge mobility is of less importance here. 

5. Comparison with Theory 
Many polyelectrolyte theories have been devoted to 

polyion expansion. Hence, it should be of interest to 
compare the predictions of the expansion behavior emerg- 
ing from our model with those from other approaches. 
Obviously, we have to restrict ourselves to an isolated, 
charged chain, immersed in a salt environment, ignoring 
polyion-polyion interactions which in reality may be 
present a t  low salt, and especially a t  higher polyion, 
concentrations. 

In particular we shall consider the expansion of a charged 
chain of 80 segments, as a function of increasing charge 
density (see Figure 3) a t  two different salt concentrations 
(KU = 0.1 and KU = 2.0). From a theoretical point of view, 
the comparison is most adequately made by using the end- 
to-end distance Re, instead of the radius of gyration R,. 

One of the first attempts to describe polyion expansion 
is due to Katchalsky et al.16J7 In this approach, shortly 
outlined by eqs A.l-A.6 in the Appendix, the end-to-end 
distance of the charged chain is found by minimizing the 
s u m  of an elastic and an electrostatic free energy. Both 
parts are based on the statistics of a Gaussian chain, 
whereas for the electrostatic interaction ascreened Debye- 
Huckel potential has been used. This theory is known to 
overestimate the expansion of polyelectrolytes. More 
realistic models were proposed later on, but they remain 
more or less as unsatisfactory. Most of them have been 
reviewed in the book by MorawetzZ4and are not considered 
here. 

Some of the failure of Katchalsky’s theory can be 
eliminated by calculating the elastic part of the free energy 
from the statistics of the wormlike chain. This route has 
been followed recently by Schmidt et al.18J9 In this model 
the total free energy depends on the contour length L and 
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Figure 7. Eccentricity of the mass (0) and the charge (0) 
distribution, versus the average charge density, for a chain of 40 
segmenta with either mobile (-1 or equidistantly fixed (- - -1 
charges. KU = 0.1. 

and charge distribution become practically identical above 
the threshold. The relatively large eccentricity of the 
charge distribution for fixed charges at  a low charge density 
is again an artefact of the position of the charges at  the 
end points of the chain. For increasing chain length this 
effect disappears. For Ka = 2.0 the differences between 
the fixed and mobile cases are again negligible. 

For increasing values of KU, which implies a more 
effective screening of the polyion charges, electrostatic 
effects are suppressed to a high degree. Qualitatively, 
however, all results show, though to a lesser extent, the 
same general trends. In particular the differences between 
the fixed and mobile-charge cases again find their origin 
in a more uniform average charge distribution, in the 
mobile case, as well as a charge accumulation near the end 
points. We will not elaborate upon this point any further. 

4. Influence of Charge Mobility 
The differences between both (fiied and mobile charged) 

cases are primarily induced by a more uniform average 
charge distribution in the mobile case and a charge 
accumulation of the mobile charges near the ends of the 
chain. This causes the chain with mobile charges to be 
more flexible in the middle part, and more stiffened at  the 
ends, in comparison to the chain bearing equidistantly 
fixed charges. Furthermore, the mobile charges will tend 
to preferentially localize themselves away from bends in 
the chain, thus enhancing its flexibility. The effect of the 
charge mobility is most important a t  charge densities of 
about 50 % . 

In general, chain dimensions expand upon charging the 
chain. But the middle part of the chain with mobile 
charges will not swell as much as it would if ita charges 
were fixed, as a result of the redistribution of charge away 
from bends and toward the chain’s end points. On the 
other hand, the ends protrude more outward, as the 
repelling electrostatic forces between the bulk of the chain 
and the end points are stronger in the mobile case, provided 
that the charge density is high enough for this charge 
accumulation to be important, compared to the charges 
present a t  the end points in the fixed case. This effect 
leads to a higher eccentricity of both the mass and charge 
distributions in the mobile case, but its net effect on the 
end-to-end distance and both radii of gyration is relatively 
small: the stiffness of the ends and the less-swollen middle 
part of the chain compensate, surprisingly, each others 
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the total persistence length L, and is minimized with 
respect to the latter. The resulting value of L, can be 
inserted into the expressions for the end-bend distance 
and the apparent persiatence length of a wormlike chain. 
In (A.7)-(A.12) and (A.17) in the Appendix, further details 
of this calculation are presented. 

A more explicit way to obtain the apparent persistence 
length Lt, is to calculate first the electrostatic part Le of 
the (regular) persistence length, according to the theories 
of Odijk4 and of Skolnick and Fixman.12 Both Odijk and 
Skolnick consider the continuously charged wormlike chain 
(to which we will refer as “Odijk’s model”). Skolnick also 
considers a wormlike chain with a discrete, equidistant 
charge distribution (“Skolnick’s model”), as well as mo- 
bility and fluctuations in the continuous charge distri- 
bution. In the latter two cases the authors restrict 
themselves to charge variations over distances large 
compared to  the Debye length. They find that such 
variations are unimportant. In our analysis we find that 
charge variations on a shorter length scale play the more 
important role in the properties of the chain. 

In its most general form, L e  is given in the Appendix, 
by eqs A.14 and A.15 for Odijk’s model and by (A.16) for 
Skolnick’s model. These equations show the explicit 
dependence of Le on the charge density and the salt 
concentration. Once LO is known, the total persistence 
length L, is found by using eq 8. Then the polyion 
expansion can be described as before, with the end-to-end 
distance of the wormlike chain, given in eq A.13, and the 
apparent persistence length (from (A.17)) both as a 
function of varying L,. 

In the above approaches, the excluded volume inter- 
action between chain segments has not been taken into 
account, i.e. the chain may intersect itself. This will 
certaintly not be realistic a t  high values of KU,  where the 
charged chain is still more or less coiled, making situations 
of close approach between different segments frequent. 
Following Odijk, we can include the excludedvolume effect 
in the theoretical description, a t  least for a charged chain 
with a sufficiently large number of Kuhn statistical 
segments. In (A.17)-(A.20) in the Appendix, the explicit 
formulas to include this effect are presented. 

Finally, we compare our MC calculations with another 
MC model, recently reported by Carnie et al.6 In the cited 
model the chain consists of spherical, charged beads 
connected with bonds of length 0.252 nm (identical to our 
step length a), making a bond angle of 109.5’. The beads 
interact with each other by means of a Debye-Hiickel 
potential of mean force, like in our model, superimposed 
on a repulsive hard sphere interaction, which leads to self- 
avoiding walk statistics, as in our MC calculations. The 
bonds are allowed to rotate freely. However, hindered 
rotation with a preference for gauche and trans confor- 
mations is easily introduced in these simulations.6 

In Figures 8 and 9 the expansion of the chain with 
increasing charge density is shown, according to the various 
theoretical predictions. The ratio of Re2 to its maximum 
value a t  full extension has been chosen, which describes 
most appropriately the relative expansion of the various 
models, in particular for higher charge densities and low 
Ka. The limiting value of Re2 at  full extension is defined 
to be the squared contour length L2. For the models in 
which the chain may be stretched ultimately to a rod (i.e. 
Katchalsky, Schmidt, Odijk, Skolnick, and this paper) L 
is equal to 79a, being the contour length of a chain of 80 
segments in our MC calculations. In the MC model of 
Carnie et al. the limiting stretched conformation is a zigzag 
chain, for which L becomes equalto6 79a sin(109.5”/2). In 

Equilibrium Properties of Polyelectrolytes 6869 

/ 1 00 - 
/ 

/ 
0.80 - 1 

/ 1 00 , I 

0.80 i 
1 

/ 
/ 

/ 
/ 

0.60 

Average c h a r g e  densi ty  

Figure 8. Squared end-to-end distance of a chain of 80 seg- 
ments, normalized by its squared maximum extension, versus 
the average charge density, as predicted by various models for 
Ka = 0.1. Our results for mobile (0) as well as equidistantly fiied 
(0) charges are compared to predictions of Odijk (-), Skolnick 
(*I, Katchalsky (- - -), and Schmidt (e..) and simulation resulta 
of Carnie, Christos, andcreamer for freelyrotatingsegment bonds 
(0)  and chains with hindered rotation (m). 
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Figure 9. Squared end-to-end distance of a chain of 80 segments, 
normalized by ita sauared maximum extension, versus the average 
charge density, as predicted by various modeb for Ka = 2.0. O k  
results for mobile (0) as well as equidistantly fixed (0) charges 
(practically indistinguishable from each other) are compared to 
predictions of Odijk (-), Skolnick (*), Katchalsky (- - -), and 
Schmidt (--). 

our use of Odijk’s and Skolnick’s models, the value of LO 
was chosen such that the resulting value of Ro from the 
wormlike chain matches the value found in our MC 
calculation. For the Katchalsky model Ro2 = 79a2. 

At Ka = 0.1 the screening of the charges on the chain is 
relatively low, and the chain expansion with increasing 
charge turns out to be strong (see Figure 8). In spite of 
the discrepancies existing among the different models, a 
common feature is observed in the occurrence of S-shaped 
curves in the MC models and Odijk’s and Skolnick’s 
models. This behavior is in conformity with what is to be 
expected in view of the finiteness of the chain length. In 
the curve of Schmidt such a typical S-shape is not seen. 
The difference between the results of the two MC models 
is a consequence of the fact that both models differ in the 
description of the local stiffness of the chain. This is nicely 
illustrated by the fact that introduction of hindered 
rotation in the model of Carnie et al. leads to a much 
better agreement between both MC results (see the single 
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Figure 10. Ratio of the radius of gyration and the end-to-end 
distance RdR, for chains of 20 (e), 40 (a), and 80 (*) segments 
versus the average charge density, for f ied charges, both for KO 
= 0.1 (-) and for Ka = 2.0 (- - -). The upper dotted line is the 
prediction of des Cloizeaux for uncharged self-avoiding walks; 
the lower dotted line represents the rod limit. 

point in Figure 8). The rather rapid unfolding of the chain, 
observed in our simulations at  relatively high charge 
density, is due to a large contribution of conformations in 
which the middle part of the chain is already rodlike and 
bending occurs only near the ends. This is the reason that 
Lt is indeed much smaller than the value of the (ordinary) 
persistence length, L,, estimated from Figure 8. On the 
contrary, the expansion found by Carnie et al. follows more 
the wormlike chain models of Odijk, Skolnick, and 
Schmidt. This is mainly due to the fact that their model 
allows more smooth changes in conformation than ours. 
Skolnick's wormlike chain with a discrete charge distri- 
bution gives a somewhat better value for the end-to-end 
distance than Odijk's wormlike chain with a continuous 
charge distribution. 

Katchalsky's results overestimate considerably the chain 
expansion in a region where the predictions of the other 
theories globally overlap (see Figure 8 with the charge 
density between 20% and 60%). Obviously, the main 
reason is that many conformations in which the chain 
intersects itself are erroneously counted in AFeledr, thereby 
enlarging the repulsive contributions in an unrealistic way. 
Thus the expansion starts with a driving force which is 
much too high. In this respect the model of Schmidt, 
where the statistics of the wormlike chain are used instead 
of those of the Gaussian chain, seems to be better, as less 
intersections of chain segments are allowed to occur. 

When the screening of the charges is more complete (Ka 
= 2.0, the results are shown in Figure 91, the chain 
expansion with charge density is rather suppressed, as 
expected. Again i t  is seen that the approach according to 
Katchalsky's model exaggerates the chain expansion. To 
a lesser degree this also applies to the prediction of 
Schmidt's model, as the number of intersections of the 
wormlike chain also becomes important a t  this value of 

Figure 10 shows how the chain changes from the coil- 
like limit in the uncharged state to a more rodlike form 
when the fixed-charge density is increased. The behavior 
for mobile charges turns out to be almost the same (not 
shown). For a swollen, uncharged coil (including the 
excluded-volume effect) RgIRe has been estimated25 to be 
equal to (1/6.302)1/2, whereas for a completely stretched 
chain we find R g / R ,  = 0.2923, almost equal to (1/12)1/2, 
expected for a homogeneous rod. Both limits are indicated 
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Figure 11. Length dependent persistence length Lt of a chain 
of 80 segments, versus the average charge density, with Ka = 0.1, 
found for mobile (0) as well as equidistantly fixed (0) charges. 
For comparison the predictions by Odijk (-1, Skolnick (*I, and 
Schmidt (-a) are also given. 
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Figure 12. Length dependent persistence length Lt of a chain 
of 80 segments, versus the average charge density, with Ka = 2.0, 
found for mobile (0) as well as equidistantly fixed (0) charges. 
For comparison the predictions by Odijk (-1, Skolnick (*I, and 
Schmidt (--) are also given. 

in Figure 10. Our simulations predict that a t  Ka = 0.1 the 
form of the chain changes from coil-like to almost rodlike. 
Notice also the dependence of the chain length. On the 
other hand it is found that a t  Ka = 2.0 the chain retains 
almost completely ita coil-like character. 

In Figure 11 the apparent persistence length, Lt, has 
been plotted as a function of the charge density, for the 
chain of 80segments with Ka = 0.1, The difference between 
the mobile and the fixed-charge case has been discussed 
already in section 3. The curves according to the theories 
by Odijk, Skolnick, and Schmidt are also given. For low 
charge densities Odijk's and Skolnick's valuesare in better 
agreement with the numerical results than Schmidt's 
values, which are somewhat too high. For high charge 
densities Skolnick's values are considerably higher than 
the other theories, that converge more or less. For Ka = 
2.0 (cf. Figure 12) both the numerical and the Odijk and 
Skolnick values are almost independent of the charge 
density. The discrepancy is a consequence of the choice 
of LO, which persists for all values of g ,  as the electrostatic 
contribution to Lt is small for large Ka. Our choice of LO 
gives a correct value for Re2 at  g = 0. The above discrepancy 
originates from the difference between the lattice chain 
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and the wormlike chain and is therefore somewhat 
artificial. Schmidt’s values are strongly dependent on the 
charge density and are therefore in both qualitative and 
quantitative disagreement with the numerical results. 

6. Conclusions 
Although there is an effect of charge mobility on global 

properties of the chain (e.g. Re, R,, Rq),  which effect 
becomes slightly more important a t  increasing chain 
length, the effect on properties that depend strongly on 
the local stiffness of the chain (e.g. Lt, eccentricities) is 
especially more manifest. So, in particular when quantities 
of the latter kind are studied, charge mobility, when it 
may occur, should explicitly be taken into account. The 
observed differences in behavior owing to the mobility of 
charges are ascribed to  a more uniform average charge 
distribution in the mobile case and a charge accumulation 
of the mobile charges near the ends of the chain. 
Furthermore, the mobile charges will tend to preferentially 
localize themselves away from bends in the chain, thus 
enhancing the flexibility of the chain. The resulting effects 
are most pronounced for small KO but are to a lesser extent 
still present a t  larger values of KU. 

With regard to the mass and charge distribution we 
find that the eccentricityof the charge distribution is larger 
than the eccentricity of the mass distribution, which effect 
is most prominently seen in the case of fixed charges and 
at  low values of KU. 

If one compares our numerical results with theoretical 
predictions, one finds that Katchalsky’s theory grossly 
overestimates the expansion of the polyelectrolyte. For 
large KU Schmidt’s theory is in poor qualitative and 
quantitative agreement with our MC results, both re- 
garding the expansion and the apparent persistence length. 
For small KQ the agreement is much better. Both Odijk’s 
and Skolnick‘s theories agree qualitatively with our 
numerical results. The quantitative agreement is much 
poorer. The remaining discrepancies between our MC 
calculations and all theories are caused by the fact that 
the simulation is performed for a lattice polyelectrolyte, 
while the theory uses a wormlike chain. The lattice chain 
expands more strongly, due to the incorporated hindered 
rotation. This effect is in particular strong for a large 
charge density and small values of KU. Similar findings 
emerge also from the calculations of Carnie et al.6 

Appendix 
Approach of Katchalsky et ~ 1 . ~ ~ 9 ~ ~  The electrostatic 

free energy is calculated by averaging the Debye-Hackel 
interactions between the charges on all segment pairs, over 
all possible chain conformations, a t  a fixed end-to-end 
distance of a Gaussian chain. 

The resulting integral expression for the electrostatic 
free energy is 
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arated a distance EL along the contour, a t  a spatial distance 
r, while the chain is being held at  a fixed end-to-end 
distance R. Furthermore, ho2 (=2/3R~2) is the square of 
the most probable end-to-end distance of the uncharged 
chain, its average end-to-end distance being Ro2. 

The integral in eq A. l  can be evaluated at  K = 0 and 
gives 

In this expression 

is the probability density of finding two segments, sep- 

At medium ionic strength, (A.l) is approximated by 

For the elastic contribution to the free energy, Katchalsky 
uses the leading order term of the entropy at  a fixed end- 
to-end distance of a Gaussian chain: 

= $T( [R,]  R 2  - 1) (A.5) 

The total free energy of the chain is now taken as a simple 
s u m  of both contributions: 

W R )  = melectr(R) + melmtic(R) (A.6) 

Finally, R can be calculated numerically, by minimization 
of AF(R) with respect to R. 

Method of Schmidt et al>8Jg For the end point 
distribution of the bare chain an expression for the 
wormlike chain without excluded volume, derived by 
Koyama,”O is used, instead of the corresponding one for 
a Gaussian chain. 

where A2 = ( R 2 )  (1 - y ) / 6 ,  B2 = y ( R 2 ) ,  and 2y2 = 5 - 3 ( R 4 ) /  
(R2)2 ,  in which both averages, (R2) and ( R 4 ) ,  are well- 
known functions of L and L, in the wormlike chain model 
(see p 53 of ref 22). 

The elastic contribution to the free energy is in a first 
order approximation given by 

AFelmtic(L,L,) = -TAS = -kT(4rR2( W(R,L) - 

wo(RJL)J ln(Wo(R,LL)) (A.8) 

where WO denotes the end-to-end distribution of the 
uncharged chain (with bare persistence length LO) and W 
the end-to-end distribution of the charged chain (with 
persistence length L, = Lo + Le). 

The average Debye-Hackel potential between two 
charges separated by a spatial distance r and contour 
distance s, is given by 

&,(s) = QkTJOm4rr 2 ,W(r,s) e-Kr dr (A.9) 

e ~ 2 A 2  

= QkT={e-& e r fc (d  - B/2A) - 

erB erfC(rA + B/2A)) (A.10) 

in which A and B are defined as before, but with R replaced 
by r. 
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The electrostatic part of the free energy is then obtained 
by summing the average interaction potentials @cou over 
all possible charge pairs. 
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where q is the total number of charges. The summation 
over k in this expression corresponds to the integral over 
f in Katchalsky's work (see eq A.1); the factor q - k, 
counting the number of charge pairs at a distance kL/(q 
- 1) along the chain, corresponds to the factor (1 - f ) .  The 
total free energy of the chain reads 

@(Lp) = mel,,ti,(Lp) + melectr(LP) (A.12) 

in which L, now appears as the relevant minimization 
variable. Values of ( R 2 )  are then obtained, within the 
model of the wormlike chain,22 using (A.13). 

(R')  = ~ L L ,  - 2 ~ 3 1 -  e x p ( - ~ / ~ , ) ~  (A.13) 

Electrostatic Persistence Length and the Wormlike 
Chain.*J2 By taking into account only slightly bent, 
semicircular conformations of the polyion and the elec- 
trostatic interaction energies in a lowest order approxi- 
mation, the electrostatic persistence length for a contin- 
uous charge distribution has been derived4 as 

where 

(A.15) 

For a discrete charge distribution, which corresponds to 
the case of equidistantly fixed charges, it is foundI2 that 

where A (=L/(q - 1)) is the distance between subsequent 
charges along the contour. 

In a lowest order approximation, additivity of the bare 
persistence length LO and the electrostatic persistence 
length Le can be adapted, i.e. L, = LO + Le (see eq 8). 
Within the wormlike chain model the apparent persistence 
length, Lt, is related to the (infinite chain) persistence 
length, by 

L,  = Lp[l - exp(-L/L,)I (A.17) 
Using eq 8 and (A.14) or (A.161, values of ( R 2 )  and Lt can 
respectively be found by substituting the total persistence 
length L, in (A.13) and (A.17). So far, these values do not 
contain yet the effect of the segmental excluded volume 
P. 

Consider a chain consisting of a sufficiently large number 
of cylindrical Kuhn segments of length 2L, (L/2LP >> 1) 
and effective diameter d.26 For the end-to-end distance, 
the excluded volume effect is expressed in terms of the 

expansion factor CYR. Thus, by definition 

R: = CY$(Z) ( R2) (A.18) 
where z represents the excluded-volume parameter, de- 
fined as 

For the calculation of CYR one may use Yamakawa's 
expressionz2 

C Y R ( Z )  = 0.572 + 0.428(1 + 6 . 2 3 ~ ) ~ ' ~  (A.20) 
Finally, /3 may be approximated by1zlz6 

/3 = 2rL,2[ ~-'(ln($) + y - i) + b ]  (A.21) 

in which b stands for a hard-core parameter, remaining 
when q - 0 or K - a. According to (A.21), j3 has the form 
27rLp2d, expected for cylindrical segments. 

The above mentioned excluded volume correction is only 
valid when L/2LP >> 1, i.e. a t  relatively large values Of Ka. 
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